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Abstract
In Ref. [H. Neuberger, hep-lat/03030090] Neuberger studied a vortex fermion model with two continuum
extra-dimensions, and pointed out that there are no k = 0 zero modes, which is in disagreement with our
paper. Since this discrepancy is due to an error in our paper, we give relevant corrections. The main result
of our paper that a normalizable zero mode solution appears at the core of the vortex does not change.
© 2008 Elsevier B.V. All rights reserved.
In Ref. [1] we constructed vortex fermion models in 4 + 2 dimensions toward obtaining
four-dimensional lattice chiral gauge theory, where in extra two dimensions we introduced the
“spider’s web lattice” formulated by discretizing polar coordinates. We showed that a normaliz-
able k = 0 zero mode solution independent of the angular coordinate appears at the core of the
vortex, where k is the angular momentum. This is the main result of Ref. [1]. We also discussed
k = 0 zero mode solutions dependent on the angular coordinate, and mentioned the Pauli–Villars
subtraction of massive modes and the k = 0 modes to obtain a four-dimensional chiral gauge
theory at the core of the vortex. In Ref. [2] Neuberger studied a vortex fermion model with two
continuum extra-dimensions, and pointed out the existence of a k = 0 zero mode and the absence
of k = 0 zero modes. The former agrees with Ref. [1], but the latter not. This discrepancy is due
to an error in Ref. [1]. In Ref. [1] the error occurred when we solved the zero mode equation (12)
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(1)∂ρϕ−(ρ) + k
ρ
ϕ−(ρ) = −f (ρ)ϕ−(ρ),
which accompanied Eq. (16). As a result, we reached the wrong conclusion that there are k = 0
zero modes besides a k = 0 zero mode. If we take into account the missed equation, we reach the
correct conclusion that there is a zero mode solution
(2)ϕ−(ρ) = exp
(
−
ρ∫
0
f (σ )dσ
)
for k = 0, not for k = 0. This agrees with the result of Ref. [2].
Furthermore, from this error, other relevant errors were produced derivatively in the remaining
sections. Especially, similar errors to that mentioned above occurred also when we solved zero
mode equations on the lattice, namely, in the naive fermion model, the simple vortex model and
the hermitian vortex model. In each case we reached the wrong conclusion that there are k = 0
zero modes besides a k = 0 zero mode. If we consider the missed equation in each lattice model,
we come to the correct conclusion that there is a zero mode for k = 0, not for k = 0, as in the
continuum theory. We now solve the zero mode equation of the naive fermion model discussed in
Section 3.2. In Ref. [1] the k = 0 case is discussed in the body, and k = 0 case in the appendices.
Here we do not separate them. The zero mode equation obtained via the variation of the action
Scnaive by ψ¯1,φ is written as∑
φ
Γ2n+1
[
eiΓextφ∇hρψρ,φ
∣∣β
ρ=1 −
1
2aρ
(−iΓext)
(3)× {eiΓext(φ+ aφ2 )∇φ + eiΓext(φ− aφ2 )∇∗φ}×
(
ψ
β
2,φ + ψβ1
2
)]
= 0,
∑
φ
Γ2n+1
[
eiΓextφ∇hρψρ,φ
∣∣α
ρ=1 −
1
2aρ
(−iΓext)
(4)× {eiΓext(φ+ aφ2 )∇φ + eiΓext(φ− aφ2 )∇∗φ}×
(
ψα2,φ + ψα1
2
)]
= 0.
Substituting the following form into the zero mode equation
(5)ψ±β =
{
eip·xϕ±(ρ,p, k)eikφu± for ρ  2,
eip·xϕ±(ρ,p)u± for ρ = 1,
(6)ψ±α = Γ2n+1ψ±β ,
we obtain
(7)ϕ±(2) − ϕ±(1)e−ikφ ∓ iϕ±(2)4 sin aφ2
{
e∓i
aφ
2
(
eikaφ − 1)+ e±i aφ2 (1 − e−ikaφ )}= 0,
(8)ϕ±(2) − ϕ±(1)e−ikφ ± iϕ±(2)4 sin aφ2
{
e±i
aφ
2
(
eikaφ − 1)+ e∓i aφ2 (1 − e−ikaφ )}= 0,
1 Each Γ2n+1 in Eq. (11) is replaced by Γ¯ .
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choose k such that eikφ = 1. Generally, k = nπ
aφ
(n ∈ Zeven) satisfies eikφ = 1, but now the value
of k is restricted to 0,1,2, . . . ,Nφ − 1 in Eq. (5), where Nφ is the number of lattice sites in the
angular direction, namely, Nφ = 2πaφ . Thus the solution ϕ±(2) = ϕ±(1) exists for k = 0. We can
also solve the zero mode equation obtained via the variation of the action by δ
δψ¯ρ,φ
for ρ  2,
and obtain the minus chirality solution ϕ−(ρ + 1) − ϕ−(ρ − 1) = −2aρf (ρ)ϕ−(ρ). Thus, the
following normalizable solution exists for k = 0
(9)
{
ϕ−(2) = ϕ−(1),
ϕ−(ρ + 1) = ϕ−(ρ − 1) − 2aρf (ρ)ϕ−(ρ) for ρ  2.
This corresponds to Eq. (46) in Ref. [1].
Next we solve the zero mode equation of the simple vortex model in Section 3.4.2 We see that
the following solution exists for k = 0
(10)
{
ϕ−(2) = ϕ−(1),
ϕ−(ρ + 1) = zϕ−(ρ) for ρ  2,
where we have chosen w as w = a2aρ . This corresponds to Eq. (61) in Ref. [1].
Similarly, we can obtain the zero mode solution also in the hermitian vortex model in Sec-
tion 3.5. The following solution exists for k = 0
(11)ϕ−(2) = 47ϕ−(1),
(12)ϕ−(3) =
[1 − aρm0(1 − 116aρm0 ) + F ]ϕ−(2) + 516ϕ−(1)
9
8
,
(13)ϕ−(ρ + 1) =
[1 − aρm0(1 − 14ρ2aρm0 ) + F ]ϕ−(ρ) +
1
4ρ ϕ−(ρ − 1)
1 + 14ρ
for ρ  3,
where we have chosen wρ , wφ and w such that wρ = wφa2φ = 12 and waρa = 12 . To obtain a
four-dimensional chiral gauge theory including the zero mode, we need to subtract unwanted
modes by using the Pauli–Villars Dirac operator. The Pauli–Villars Dirac operator mentioned in
Ref. [1] is assumed to include both massive modes and k = 0 modes to pick up the k = 0 mode.
The operator is replaced with that which is assumed to include massive modes only, since there
are no k = 0 modes. Therefore, the two sentences “In our spider’s web. . . has a constraint of
ψ(ρ = 1) = 0.” in the sixth to eleventh lines in the last paragraph of Section 3.4 are replaced by
“In our spider’s web lattice, considering the situation that the zero mode solution is localized at
the ρ = 1 string, we assume the Pauli–Villars Dirac operator DPVvortex which has a constraint of
ψ(ρ = 1) = 0.” Finally, as for other derivative and miscellaneous errors, the following 1–6 are
deleted, and the correction are given in 7–13:
1. The paragraphs including Eqs. (71)–(85).
2. The paragraph following Eq. (85) “The absence of. . . for the present purpose.”
2 In the last line of Eq. (50) the factor wρaρm0 is generally expressed as
wφa
2
φ
aρ
m0
, where wφ is the Wilson parameter
introduced for the angular direction.
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4. The phrase “where we considered not only. . . vortex fermion on the lattice” in the second
sentence of the first paragraph in Section 4.
5. The sentences in the first to sixth lines from the last, “Furthermore we found. . . for the
present purpose”, in the second paragraph in Section 4.
6. Appendix C.
7. The “constraints” in the ninth line of the third paragraph in Section 3.1 is replaced by “con-
straint”.
8. In the third paragraph of Section 4, “this model to” in the first line and “S2” in the third and
ninth lines are replaced by “this model” and “S2”, respectively.
9. In the last line of Eq. (B.10) the factor wρaρ
m0
is replaced by wφa
2
φaρ
m0
.
10. The term wρ2aρm0 in Eq. (B.12) is replaced by
1
4aρm0 .
11. The term wρ2ρ2aρm0 in Eq. (B.13) is replaced by
1
4ρ2aρm0
.
12. The phrase following Eq. (B.13) “where we have. . . and wρ = w” is replaced by “where we
have chosen wρ , wφ and w such that wρ = wφa2φ = 12 and waρa = 12 ”.
13. Next to the above phrase and Eq. (B.7) the sentence “This solution exists for k = 0.” is
inserted.
In conclusion, the errors are originated from missing zero mode equations such as Eq. (1).
This is pointed out by Neuberger in Ref. [2]. Taking into account the missed equations correctly,
we reach the correct conclusion that there is a zero mode solution for k = 0, not for k = 0, which
agrees with the result of Ref. [2]. Therefore the main result of Ref. [1] does not change, and thus
the hermitian vortex fermion model can be used to construct a four-dimensional lattice chiral
gauge theory.
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